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Problem: counting words in finite strings

The number of the occurrences of words in finite strings plays important
role in information theory, genome analysis, statistics, AI, etc.

Example: The words 10 and 00 appear in 100010010 three times.

Explicit formulae for distributions of words are only known for several
types of counting of runs (e.g. 00).

Those for nonoverlapping words (e.g. 10) are even unknown!
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Known results, generating functions

The probability of the number of occurrences of words given as rational
generating functions (e.g. Bassino et.al [4], Regnier et.al [17], and Robin
[18]).

f (n, k ,w): probability that w appears k times in sample size n. Then∑
n,k

f (n, k ,w)zn1 z
k
2 =

g(z1, z2)

h(z1, z2)
.

g , h: polynomial.

Remark: We have approximations and recurrence formulae from rational
generating functions, however it is difficult (or very tedious task) to obtain
explicit formulae from them in general.
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Known results for runs

For x ∈ {0, 1}n, let
(i) En,m(x), the number of 0m of size exactly m in x [5], (explicit formulae
are not known except for Markov imbedding method.)
(ii) Gn,m(x), the number of 0m of size greater than or equal to m in x
[5, 3],
(iii) Nn,m(x), the number of non-overlapping 0m in x [6, 9, 14, 3, 5],
(iv) Mn,m(x), the number of overlapping 0m in x [11, 3, 10, 5, 7]
(v) Ln(x), the size of the longest run of 0s in x [12, 16, 3, 5],
(vi) Tk(x), the stopping time t such that 0k first appear in x = x1 · · · xt
[2, 15, 19], and
(vii) Nn,m,µ(x), the enumeration of 0m such that we allow µ-letters
overlapping with the previous 0m in the string x [1, 8, 13]. (explicit
formulae are not known.)

Example: E8,2 = 1, G8,2 = 2, N8,2 = 3, M8,2 = 4, and L8 = 4 for

run 00 and 10000100.
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Main theorem 1: Distributions of nonoverlapping words

Theorem (Takahashi [21, 20])

Let X n
1 := X1X2 · · ·Xn be finite valued i.i.d. random variables. Let

w1, . . . ,wl be a set of nonoverlapping words. Let P(wi ) be the probability
of wi (e.g. P(10) = P(1)P(0)) for i = 1, . . . , l . Let

A(k1, . . . , kl) =

(
n −

∑
i |wi |ki +

∑
i ki

k1, . . . , kl

) l∏
i=1

Pki (wi ),

B(k1, . . . , kl) = P(N(w1, . . . ,wl ;X
n
1 ) = (k1, . . . , kl)),

FA(z1, . . . , zl) =
∑

k1,...,kl

A(k1, . . . , kl)z
k1 · · · zkl , and

FB(z1, . . . , zl) =
∑

k1,...,kl

B(k1, . . . , kl)z
k1 · · · zkl .
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Main theorem 1: Distributions of nonoverlapping words

Then

A(k1, . . . , kl) =
∑

B(t1, . . . , tl)

(
t1
k1

)
· · ·

(
tl
kl

)
,

FA(z1, z2, . . . , zl) = FB(z1 + 1, z2 + 1, . . . , zl + 1), and

P(N(w1, . . . ,wl ;X
n
1 ) = (s1, . . . , sl))

=
∑

k1,...,kl :
s1≤k1,...,sl≤kl∑

i |wi |ki≤n

(−1)
∑

i ki−si

(
n −

∑
i |wi |ki +

∑
i ki

s1, . . . , sl , k1 − s1, . . . kl − sl

) l∏
i=1

Pki (wi ).

Here N(w1, . . . ,wl ;X
n
1 ) = (s1, . . . , sl) ⇔ wi appear si times in X n

1 for all i .
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Notations

N′(w1, . . . ,wl ;X
n
1 ) := (s1 − s2, s2 − s3, . . . , sl)

if N(w1, . . . ,wl ;X
n
1 ) = (s1, s2, . . . , sl).

Example:
N(100, 1000; 10010001) = (2, 1) and N′(100, 1000; 10010001) = (1, 1).
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Main theorem 2: Distributions of runs

Theorem

Let X1,X2, . . . , be i.i.d. binary random variables from P . Let
w1 ⊏ w2 · · · ⊏ wl be an increasing sequence of non-overlapping words. Let

A(k1, . . . , kl) :=

(
n −

∑
i |wi |ki +

∑
i ki

k1, . . . , kl

) l∏
i=1

Pki (wi ),

B(k1, . . . , kl) := P(N′(w1, . . . ,wl ;X
n
1 ) = (k1, k2, . . . , kl)),

FA(z1, . . . , kl) :=
∑

k1,...,kl :∑
i |wi |ki≤n

A(k1, . . . , kl)z
k1 · · · zkl , and

FB(z1, . . . , zl) :=
∑

k1,...,kl :∑
i |wi |ki≤n

B(k1, . . . , kl)z
k1 · · · zkl .
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Main theorem 2: Distributions of runs

Theorem (Continue)

Then

FA(z1, . . . , zl) = FB(z1 + 1, z1 + z2 + 1, . . . ,
∑
i

zi + 1) and

P(Cn,(w1,...,wl )(X
n
1 ) = t) =

∑
r ,k1,...,kl :∑

|wi |ki≤n, r≤
∑

ki
t=

∑
iki−r

(−1)r
(
n −

∑
|wi |ki +

∑
ki

k1, . . . , kl

)

×
(∑

ki
r

)∏
Pki (wi ),where

Cn,(w1,...,wl )(x) := t if
∑

iki = t and N′(w1, . . . ,wl ; x
n
1 ) = (k1, k2, . . . , kl).
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Notation

Let m1 < . . . < ml . For x ∈ {0, 1}n, let

Dn,(m1,...,ml )(x) := t ⇔∑
iki = t and N′(10m1 . . . , 10ml ; 1x) = (k1, k2, . . . , kl),

where 1x is the concatenation of 1 and x .

Cn dose not count run that start from the head of sample x but Dn does.

Example: Cn,100(00100) = 1 and Dn,2(00100) = 2.
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Corollary

Let X1,X2, . . . ,Xn be i.i.d. binary random variables. Let m1 < . . . < ml

and wi = 10mi for 1 ≤ i ≤ l . For all t ≥ 0,

P(Dn,(m1,...,ml )(X
n
1 ) = t)

= (P(Cn+1,(w1,...,wl )(X
n+1
1 ) = t)− P(0)P(Cn,(w1,...,wl )(X

n
1 ) = t))/P(1).

Proof) Observe that

{0x | Cn+1,(w1,...,wl )(0x) = t, |x | = n} = {0x | Cn,(w1,...,wl )(x) = t, |x | = n},
{1x | Cn+1,(w1,...,wl )(1x) = t, |x | = n} = {1x | Dn,(w1,...,wl )(x) = t, |x | = n}.

We have

P(Cn+1,(w1,...,wl )(X
n+1
1 ) = t)

= P(Cn+1,(w1,...,wl )(0X
n
1 ) = t) + P(Cn+1,(w1,...,wl )(1X

n
1 ) = t)

= P(0)P(Cn,(w1,...,wl )(X
n
1 ) = t) + P(1)P(Dn,(w1,...,wl )(X

n
1 ) = t).
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Main Theorem2: Distributions of runs

Theorem

Let X1,X2, . . . , be i.i.d. binary random variables from P(Xi = 1) = q and
P(Xi = 0) = p for all i , where p + q = 1.

1. P(Dn,(m1,...,ml )(X
n
1 ) = t) =∑

r ,k1,...,kl :∑
(mi+1)ki≤n+1, r≤

∑
ki

t=
∑

iki−r

(−1)r
(
n + 1−

∑
miki

k1, . . . , kl

)(∑
ki
r

)
ql−1p

∑
mi

−
∑

r ,k1,...,kl :∑
(mi+1)ki≤n, r≤

∑
ki

t=
∑

iki−r

(−1)r
(
n −

∑
miki

k1, . . . , kl

)(∑
ki
r

)
ql−1p1+

∑
mi .
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Theorem (Continue)

2. P(Nn,m,µ(X
n
1 ) = t) = P(Dn,(m1,...,mT )(X

n
1 ) = t) for all 0 ≤ µ ≤ m − 1,

whereT = ⌊ n − µ

m − µ
⌋ and mi = mi − µ(i − 1) for 1 ≤ i ≤ T .

3. P(Gn,m(X
n
1 ) = t) =

∑
t≤k≤⌊ n+1

m+1
⌋

(−1)k−t

(
n + 1−mk

t, k − t

)
qk−1pkm

−
∑

t≤k≤⌊ n
m+1

⌋

(−1)k−t

(
n −mk

t, k − t

)
qk−1pkm+1.
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Theorem (Continue)

4. P(Tm > n) = P(Ln < m) =
∑

0≤k≤⌊ n+1
m+1

⌋

(−1)k
(
n + 1−mk

k

)
qk−1pkm

−
∑

0≤k≤⌊ n
m+1

⌋

(−1)k
(
n −mk

k

)
qk−1pkm+1.

5. P(En,m(X
n
1 ) = t) =∑

k1,k2:
(m+1)k1+(m+2)k2≤n+1,

t≤k1+k2

(−1)k1−t

(
n + 1−mk1 − (m + 1)k2

k1, k2

)(
k1 + k2

t

)
qk1+k2−1pk1m+k2(m+1)

−
∑
k1,k2:

(m+1)k1+(m+2)k2≤n,
t≤k1+k2

(−1)k1−t

(
n −mk1 − (m + 1)k2

k1, k2

)(
k1 + k2

t

)
qk1+k2−1pk1m+k2(m+1)+1.
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Algorithm and Complexity for Computing P(Cn = t)

Let Z0 = {0, 1, 2, . . .} and

Gt(n, l , |w1|, . . . , |wl |) :=

{(r , k1, . . . , kl) ∈ Zl+1
0 |

∑
1≤i≤l

ki |wi | ≤ n, r ≤
l∑

i=1

ki ,
l∑

i=1

iki − r = t}.

P(Cn,(w1,...,wl )(X
n
1 ) = t) =

∑
(r ,k1,...,kl )∈Gt

(−1)r
(
n −

∑
|wi |ki +

∑
ki

k1, . . . , kl

)

×
(∑

ki
r

)∏
Pki (wi ).

G (n, l , |w1|, . . . , |wl |) :=

{(r , k1, . . . , kl) ∈ Zl+1
0 |

∑
1≤i≤l

ki |wi | ≤ n, r ≤
l∑

i=1

ki , 0 ≤
l∑

i=1

iki − r ≤ t}.
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Algorithm and Complexity for computing
P(Cn = h), h = 0, . . . , t (Application of Bucket sort
algorithm)

Algorithm
1. Initialize P(Cn = h) = 0 for all h = 0, . . . , t.
2. Enumerate all nonnegative (r , k1, . . . , kl) ∈ G (n, l , |w1|, . . . , |wl |).

For each vector (r , k1, . . . , kl) ∈ G (n, l , |w1|, . . . , |wl |), set

P(Cn,(w1,...,wl )(X
n
1 ) = h) := P(Cn,(w1,...,wl )(X

n
1 ) = h)+f (r , k1, . . . , kl), where

h =
l∑

i=1

iki − r and f (r , k1, . . . , kl) = (−1)r
(
n −

∑
|wi |ki +

∑
ki

k1, . . . , kl

)

×
(∑

ki
r

)∏
Pki (wi ).

3. Output P(Cn = h) for all h = 0, . . . , t.
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Lemma

Assume that 1 ≤ |w1| ≤ · · · ≤ |wl |. Then

|{(k1, . . . , kl) ∈ Zl
0 |

∑
1≤i≤l

ki |wi | ≤ n}| ≤
(n +

∑
i |wi |)l

l!
∏

i |wi |
.
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Theorem

Let n be the sample size. For given n, l , t, and w1, . . . ,wl ,
1.

|G (n, l , |w1|, . . . , |wl |)| ≤ (t + 1)(t +
l(l − 1)

2
)l−1((l − 1)!)−2(

n

|w1|
+ 1),

2. Fix l and t. Then |G (n, l , |w1|, . . . , |wl |)| = O(n),

3. Fix l . Assume that t = O(n
α
l ) and α > 0. Then

|G (n, l , |w1|, . . . , |wl |)| = O(nα+1).
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Theorem (Continue)

4. Let α, β, γ be positive constants, t ∼ αl , and l ∼ log n+β
γ . Then

|G (n, l , |w1|, . . . , |wl |)| = O(n(2−log 2)/γ+1).

If γ = − log p and β = (r + 1) log 2 + log p then

|P(Dn,(m1,...,ml )(X
n
1 ) = t)− P(Dn,(m1,...,mT )(X

n
1 ) = t)| ≤ 2−r

for all l < T , r > 0, and t.
If γ = − log p, p = 0.5 then (2− log 2)/γ + 1 = 2.88539.
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Graph of P(Dn,(m1,...,md )) for d = 1, 2, 3, 995, m1 = 5,m2 = 6, . . ., sample
size 1000, P(0)=0.5.
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