A unified approach to explicit formulae for the
distributions of runs

Hayato Takahashi
Random Data Lab. Inc.

Feb. 11, 2023
Workshop “Number theory and Ergod theory”

Feb. 11, 2023 Workshop “Number theory a

R EVE N V] EETIGENT L WBEI=R = MBI A unified approach to explicit formulae for the 1 /26



Problem: the number of the occurrences of words in finite
strings

The number of the occurrences of words in finite strings plays important
role in infomation theory, genome analysis, statistics, Al, etc.

Example: The words 10 and 00 appear in 100010010 three times.

Run: 0" ' m=2,3,....

We study the enumeration (and distribution) of the number of the
occurrences of runs with several types of counting in finite strings.

Remark: The distributions of the number of the occurrence of letters 1
and 0 are given by binomial distribution.
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Known results, generating functions

In Regnier et.al [12], Bassino et.al [1], and Robin [13], the number of the
occurrences of words given as generating functions.

f(n, k,w): the number of xj - - - x, in which w appears k times. Then

F(n, k,w)z'zk = M
; ( ) 142 h(Zl,Zg)

g, h: polynomial.
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Known results, generating functions 2, example

Exampled Guibas and Odlyzko [5]

anom (1_2)2

= Zz
:Z(n—i—l z"

f(n,0,10)=n+1foralln=1,2,...

000,001,011, 111 and £(3,0,10) = 4
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Known results, generating functions 3

f(n, k,w): the number of xy - - - x, in which w appears k times. Then

Z f(n, k, W)zfzé‘ = M, g, h: polynomial.
h(Zl,ZQ)
n,k
000000000000 n0000000O0O0OO0O0OOOO0OOODOOd
00000000 0000000 OOOOOODOOOOOOOODOO
O O Generating functions are derived by induction on length n and we do
not have a finite order generating function.

O0:00000000000000 f(n,k,w)OODODDODOOOOOOO
0000000000000 000000000A0 It is difficult to
expand rational function into power series except for simple cases.

O0: 000000 f(n,k,w)DODODOOODODODOODOODOOOODOOOO
0 O We have approximation of f(n, k, w) from generating function. Some

reccurrence formula for f(n, k, w) are derived from generatinﬁ function.
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Main theorem 1: Distributions of nonoverlapping words

Theorem (Takahashi [17, 14])

Let X{ be i.i.d. random variables that take value in finite alphabet A and
P an i.i.d. probability on A". Let wy,...,w; be the set of nonoverlapping
words, m; = |w;|, and P(w;) the probability of w; for i =1,...,/. Then

P(N(wa,...,w; X{") = (s1,.--,51))

= Z (—1)Z,k,-—s,-< n— 22 miki+ 3 ki > ﬁPk’(Wi).

S1,...,8,ki—s1,...kj —s
P 1 39y K1 1 i i i1
s1<ki,...,51<k
Z-m,-k,-gn

i
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N
Outline of Proof

Let Lk
n—mk -+
a = (") P )
Example k = 2.

B(t): the probability that nonoverlapping words w appear k times.

Then
Ay =S B(t)<;>.

k<t
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N
Outline of Proof

Let Fa(z) := >, A(k)z" and Fg(z) := Y, B(k)z*. Then

Fa(z) = Z > Bt <>

k<t

—zsuz()

k<t

=> B(t)(z+1)" = Fa(z + 1),

and
FB(Z) = FA(Z — 1).
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moments

Let

Ars = <f) (=1

r

A¢,s is the number of surjective functions from
{1,2,...,t} = {1,2,...,s} for t,s € N, see pp.100 Problem 1 Riordan
1958.

Theorem (Takahashi [17, 14])

Let w be a nonoverlapping word.

min{ Tt}
Vit E(Nt(W; Xn)) _ Z At,s (n 5’:/‘ + 5) PS(W)7
s=1

where T = max{t € N | n— t|w| > 0}.
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Known resuls, runs, various type of counting

Fu et.al (1994) [3] showed the distributions of the following statistics by
Markov imbedding method.

) En.m. the number of 0™ of size exactly m. Mood(1940) [9].

ii) Gp,m, the number of 0™ of size greater than or equal to m.

(i
(
(iii) Np,m, the number of nonoverlapping consecutive 0”. Feller [2].
(iv) My m, the number of overlapping consecutive 0.

(v

) Ln, the size of the longest run of Os.

Example: Ego =1, Ggo =2, Ngo> =3, Mg> =4, and Lg = 4 for

run 00 and 10000100.
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Known resuls, other explicit formulae

Explicit formulae for the distributions of runs are given in
Gn,m: Makri et.al (2007) [8]

Np,m: Hirano (1986) [6], Phillipou et.al (1986) [11], Godbole (1990) [4],
Muselli (1996) [10]

M, m: Ling (1988) [7].
L,: Makri et.al (2007) [8]
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N
Definition

(i) Enm, the number of 0™ of size exactly m that start with 1.

(ii) Gn,m, the number of 0™ of size greater than or equal to m that start
with 1.

(iii) Np,m, the number of nonoverlapping consecutive 0™ that start with 1.

(iv) Mp,m, the number of overlapping consecutive 0™ that start with 1.

Es»=Egp=1, Ggp=Ggp =2, Ngp=Ngp =3, Mgpo = Mg, =4 for

run 00 and 10000100.

Ei02 =2, Giop =3, Nio2 =4, Mg =5,
Ei02 =1, Gio2 =2, Nipo =3, Mg = 4 for

run 00 and 0010000100.
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Main Theorem?2: Distributions of runs

Theorem
Let P be an i.i.d. probability on {0,1}".

(i) P(Enm = t) = (P(Ent1,m = t) = P(O)P(Enm = 1))/P(1),

P(Epm=1t) =
Z (_1)k1t<”—(m+1)k1 —(m+2)k2+k1+k2)
P ki, ko
(m+1)ki+(m+2)k2<n,
t<ki+ko

X (kl Jtr k2> Pk (10™) Pk (10+1),

v
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N
Main Theorem 2

Theorem (Continue)

(i)) P(Gom = £) = (P(Grsrm = £) — P(O)P(Gomn = 1))/ P(L).
PGrm=0= Y (_1)k—f<” —(m+1)k+ k) Pk(10™).

t,k—t
k: t<k,(m+1)k<n
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N
Main Theorem 3

Theorem (Continue)

(iii) P(Np,m = t) = (P(Npy1,m = t) — P(O)P(Npm = £))P71(1).

P(Nn,m = t) =
(= mi+ D)k + Xk (S ki
> ey
Kiyo oo knem r
roki,....kt:
S (mit+1)ki<n, 0<r<3; ki
t:Ziik,-—r
T .
x H Pk,(lolm)
i=1

T is the maximum integer such that Tm+1 < n.

v
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N
Main Theorem 4

Theorem (Continue)

(iv) P(Mpm =1t) = (P(I\?l,,H’m =t)— P(O)P(I\?l,,y,,7 =t))P71(1).
Pln == % ("
r.ki,....;kn—m:
>oi(m+ki<n, 0<r<3™, ki
t:Z iki—r

(")

(v) P(Lp =t) = P(Np¢+1 =0) — P(Npt = 0).

Yoilm+i)ki+32; ki)
ki, ...

s Kn—m

n—m

H pki(10m+i=1),

i=1

FEVE N Ve EE TR GEN L WBEI=R = MIRIA unified approach to explicit formulae for the

V.
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|
Lemma (Takahashi [18])

Let
Enmt = {0 | Enm(x{) =t} and Epmt = {x{' | Enm(x) = t}.

Then
P(En—i-l,m,t) = P(O)P(En,m,t)+ P(l)P(En,m,t)- (2)

(Gn,m,ta Gn,m,t)r (Nn,m,t> I\_ln,m,t)r and (Mn,m,ta Mn,m,t) are defined by
similar manner and (2) is true for them respectively.

Proof) Let E:9+1,m,t = {0x" | Epy1,m(0x]) = t} and
E1+17m7t = {1x{" | Epy1,m(1x{") = t}. Then

n
EI?—i—lmt_{OXl | x{ eEnmt} +1mt_{1xl | x{' € Enm:}, and (3)
En+1,m,f = En—i—l,m,t U En—l—l,m,t' (4)

By (3) and (4), we have (2). The proof of the latter part is similar, O
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N
Definitions

N(wi,...,w; X]") : the number of the overlapping appearances of
Wi, Wo,...,w in Xln

Suppose that w; and ws are nonoverlapping,
wi C we and N(Wl,...,W/;Xln) = (51,...,5/).

Then
s1 is the number of the appearances of wy and ws.

N/(Wl) - W X{,) = (51 — 52,52 =53+, S/)
if N(wa,...,w; X{) =(s1,5,.--,5/).
Example: N(100,1000;1010001) = (1,1) and
N’(100, 1000; 1010001) = (0, 1).
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Lemma (Takahashi [15, 16, 18])

Let wy C ws - -+ C wy be an increasing sequence of nonoverlapping words,

/
Alky, ... k) = (” —imikit 2 k") T P%(w),

ki, ... ki e
B(kl, oy k/) = P(N/(Wl, e, WY Xn) (kl, kg, ey )),
Fa(zi,... k) = Z A(kyy ... k))z ki .z and
kl,...,k/:
Zim,-k,-gn
FB(Zl,...,Z/) = Z B(kl,...,k/)zkl---zk’.
kl,...,k/Z
> imiki<n
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Then
Fa(zi,....z)=Fe(zi+ L+ 2 +1,...,) z+1)and (5
Set z1 = X,z = X(X+1),...,z7=X(X +1)"1in (6). Then
FAX, X(X4+1),...,.X(X+1)™) = Fg(X +1,(X+1)2,...,(X+1))
Fa(Y —1,(Y =1)Y,....(Y =1)Y V) = Fg(Y,Y?%,..., Y]
= Y Blk,....k)Y=H

kl,...,kli
> imiki<n
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Generalization

Our theorem is true for arbitrary alphabet.

X1, X2y .oy Xp: iind. rva~ (R, B, Q).

Event Ay C R and Q(Ap) = Q(X; € Ap).

Example: The run AgAp occurs one time in the event A§AGAgA)AG.

Corollary

The probability of statistics (i)—(v) of run Ap is obtained by setting
P(0) = Q(Ao) and P(1) = Q(A§) in Main theorem.

Example: X; € {0,1,2,...}. The probability of runs of 0 are obtained by
setting P(1) =1 — Q(0) and P(0) = Q(0) in Main theorem.
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